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On the Stability and Accuracy of One-Step Methods
for Solving Stiff Systems of Ordinary
Differential Equations

By A. Prothero and A. Robinson

Abstract. The stiffness in some systems of nonlinear differential equations is shown to be
characterized by single stiff equations of the form

Y =g + Ny — g}

The stability and accuracy of numerical approximations to the solution y = g(x), obtained
using implicit one-step integration methods, are studied. An S-stability property is intro-
duced for this problem, generalizing the concept of A-stability. A set of stiffly accurate one-
step methods is identified and the concept of stiff order is defined in the limit Re(—\) — .
These additional properties are enumerated for several classes of A-stable one-step methods,
and are used to predict the behaviour of numerical solutions to stiff nonlinear initial-value
problems obtained using such methods. A family of methods based on a compromise between
accuracy and stability considerations is recommended for use on practical problems.

1. Introduction. The study of numerical methods for integrating stiff systems
of ordinary differential equations has centred largely on the concept of A-stability
proposed by Dahlquist [1]. As Dahlquist also showed that the maximum order
of an A-stable linear multistep method is two, subsequent research on higher-order
methods has concentrated either on the formulation of multistep methods satisfying
some less restrictive stability condition (e.g., Widlund [2], Norsett [3], Gear [4]),
or on the study of other classes of integration methods which combine A-stability
with high-order accuracy (e.g., Treanor [5], Norsett [6], Ehle [7], [8], Axelsson [9], [10],
Chipman [11], [12] and Watts and Shampine [13]). Much of the work in this latter
category has concerned the A-stability properties of implicit one-step methods
([71-[13]); several classes of such methods, containing processes of arbitrarily high
order, have been shown to be A4-stable.

In using A-stable one-step methods to solve large systems of stiff nonlinear
differential equations [14], we have found that

(a) some A-stable methods give highly unstable solutions, and

(b) the accuracy of the solutions obtained when the equations are stiff often
appears to be unrelated to the order of the method used.

This has caused us to re-examine the form of stability required when stiff systems
of equations are solved, and to question the relevance of the concept of (nonstiff)
order of accuracy for stiff problems.
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146 A. PROTHERO AND A. ROBINSON

We consider an initial-value problem involving a set of ordinary differential
equations

1.1 y = f(x, y), y=1y, atx = 0.

This set of equations may be approximated, in the neighbourhood of the solution
y = g(x), by

v & f(x, gx)) + J){y — g(x)}
= g'(x) + J){y — g},

where J denotes the variational (or Jacobian) matrix

1.3) J(x) = fy(x, g(x)).

The problem (1.1) is termed “stiff”” if the eigenvalues A(x) of the variational
matrix J(x) are such that

1.2)

(1.4 Max{Re(—A(x))} > Max{Re(\(x))}
A by

over some range of x in the required range of the solution. Now, in many problems
in which the eigenvalues are widely spread in the sense (1.4), it is possible to define
a subset S of “stiff eigenvalues” such that
(1.5) —Re{A(x)} > Max [Re{A(x)}| = A(x),

AES AES
i.e., the stiff eigenvalues S are “widely separated” from the remainder. In such a
situation, there exists a matrix J,(x), with nonzero eigenvalues equal to the eigen-
values M(x) € S, such that

(1.6) J(x) = J(x) + O)).

The greater the separation between the two sets of eigenvalues in (1.5), the nearer
are Egs. (1.2) in form to the set of equations

(1.7) y =g’ + Sy — g},

and the more closely may we expect the Egs. (1.7) to characterize the stiffness prop-
erties of the system of nonlinear Egs. (1.1). The numerical difficulties arising from
the stiffness of Eqs. (1.1) may thus be directly related to the problems of solving
the set of Egs. (1.7), and these may be analysed effectively in terms of the stability
and accuracy of numerical solutions to a single equation of the form

(1.8) Y =g )+ M)y — gx)},

obtained using an integration step-size / such that 2 Re(— ) > 1.

To a first approximation, we may neglect the dependence of X on x in Eq. (1.8).
The rate of change of N\ with x is in general of the same order of magnitude as g'(x),
and the integration step-size is such that 4g’(x) < 1, so that

ld\/dx| < Re(—N\).

In this paper, therefore, we examine the stability and accuracy of numerical ap-
proximations, using implicit one-step methods, to the solution y = g(x) of the dif-
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ferential equation
(1.9) y=g'x + My — 20},

where g’(x) is any given bounded function, for complex A such that 2 Re(—)\) > 1.

We show that the A-stability property [1], while necessary, does not ensure the
stability of solutions to Eq. (1.9) for g'(x) # 0, and we derive necessary and sufficient
conditions for such stability (which we term S-stability). Conditions for strong
(or stiff) S-stability are also proved.

The accuracy of numerical solutions to Eq. (1.9) is treated by considering the
asymptotic form of the local truncation error, proportional to 2°*'\’, in the limit
h Re(—\) — « and 7 — 0. A subset of stiffly accurate one-step methods is defined
for which 1 = —1, and maximum values on the effective stiff order s are obtained.

We then determine the S-stability and stiff order properties of several classes
of implicit one-step methods, based on Gauss-Legendre, Radau and Lobatto quad-
rature formulae. All the classes studied have been shown to be 4-stable ([7], [9], [10]),
but significant differences in their S-stability and stiff-accuracy properties give us
good reason to prefer two particular classes for solving stiff equations, both of the
linearized form (1.9) and, for the reasons developed above, of the general nonlinear
form (1.1).

2. Stability of One-Step Methods. An r-stage one-step method for the numerical
solution of a first-order differential equation

@.1n Y= f(x, »)

may be expressed in the general form

(22) Yn+1 = Van + E blk’i
1=1
where
(2'3) kz = hf<xn + hcl’ yn + Z aijk,’) (i = 1, 2, AR r)
i=1

and 2 = x,,, — x,. The r X rarray 4 = (a;;) and the vectors b” = (b;, by, --- , b,)
and ¢ = (ci, ¢y, -+ , c,) are constants satisfying ¢, = Z;,l a,;, the values of
which uniquely define a particular one-step method.

We wish to categorize those one-step methods which give a stable numerical
solution when applied with positive step-size to any equation of the form

2.9 Y= g'x) + My — g},

where X\ is a complex constant with negative real part, and where g’(x) is any function
that is defined and bounded in some interval x & [0, X]. To this end, it is necessary
to define a stability property, termed S-stability, which generalizes to equations
of the form (2.4) the concept of A4-stability introduced by Dahlquist [1] for the related
equations y' = Ay.

Definitions. A one-step method (2.2) is said to be S-stable if, for a differential
equation of the form (2.4) and for any real positive constant \,, there exists a real
positive constant 4, such that
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Ynr1 — 8(Xni1)
Yu — (%)

provided y, = g(x,), for all 0 < A < h, and all complex N with Re(—X) = Ao, x,,
X,+1 E [0, x]. If the above conditions only hold for |arg (—A))| < «, then the method
is said to be S(a)-stable.

An S-stable one-step method is said to be strongly S-stable if

<1,

In+1 — g(xn+1)

— 0
Yn — g(xa)

as Re(— \) — o, for all positive / such that x,, x,., & [0, X].

It may be seen that, for g'(x) = 0, these definitions are equivalent to the defini-
tions of A-stability and strong A-stability for one-step methods.

When the one-step method (2.2) is applied to Eq. (2.4), the vector k™ =
(ky, -+, k,)is given by
(2.5) (I — INAk = hg' + IN{y.e — g}

where g = (g(x)), -+ , g(x,)) with x;, = x, 4+ hc;, g’ is similarly defined, and
e” = (1, ---, 1). Equation (2.5) defines k uniquely for positive 4 and for all X with
Re(\) < O only if the array A has nonnegative eigenvalues. A one-step method
with positive semidefinite or positive definite array A4 is therefore termed “well-
defined”’ and, for such a method, the increment

(2.6) bk = bl — A) '{ee + gx)e — g + hzg'},

where z = (h\)"' and ¢, = y, — g(x,), is uniquely defined for all complex z with
Re(z) < 0.

For simplicity, we assume that the abscissae ¢; of the one-step methods lie in
the interval [0, 1], although this restriction need not be made provided g(x) and
g'(x) are defined and bounded over an appropriately wider range of x. Also, without
loss of generality, we order the abscissae so that ¢; < ¢; if i < j. Let there be r*
(1 £ r* £ r) different abscissae c¢* in ¢, and define an » X r* array E(z) by

E,;, = —z forc, =c¥=0,
=c; forc, =c¥ # 0,
=0 otherwise.

Using Eq. (2.6), the difference equation (2.2) may be expressed in the form
Q7 €1 = (1 —b7(A4 —zD'e)e, — hGy + hb"(A — zD)T'E@){ G, — zG,},
with the dependence on the function g(x) contained in

hG, = g(x, + h) — g(x.)
and the r*-vectors G, and G, defined by
(G1): = g'(xa) ifck =0,
= (1/hc*){g(x. + hc¥) — g(x,)} otherwise,

and
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(G,); =0 ifc¥ = 0,
= g'(x, + hc¥) otherwise.

Thus, the stability of the solution to Eq. (2.4) is governed by the properties
of a difference equation of the form

2.8 €1 = a(2)e, + hB(z, Go, G, Gy)
with
az) =1 —>b"(4 — zI)'e
and
B(z, Go, Gy, Gy) = —G, + b"(4 — zD)'E@){ G, — zG,}.

To establish conditions for S-stability, therefore, we first prove a lemma on the
stability of solutions to equations of the general form (2.8).

LEMMA. Define «(z, h, ¢,) = a(z)e, -+ hB(z) for all complex e, all real h & (0, h)
and for all z & R, where R is the region of complex z with 0 < Re(—z) < z.

Then there exists a real positive hy = hy(z, e,) < h such that

|é(Z, hs e0)| < Ie()l

forall ¢ # 0, h & (0, hy] and all z & R, if and only if

(1) |(2)] < 1in R, and

(2) B(2)/(1 — |a(2))) is bounded in R.

Proof. (a) Necessity. If |a(z*)] = 1 for z* & R, then, for any positive A, there
exists an ¢, O such that |e] > |e| at z = z* provided B(z*) # 0. If B(z*) = 0,
le] = |eo| at z* for all ¢ = 0.

If B(z)/(1 — |a(2)]) is not bounded in R, there exists z & Rand ¢, = 1 — |a(2)] = 0
such that

80| _ _18G)
o 1- @l

for any real positive K. Since |¢] = |e| |a(z) 4+ hB(2)/eol, for any positive 4, there
exists K such that |¢| > |e|.

(b) Sufficiency. If B(z)/(1 — |a(z)]) is bounded, there exists a real positive K
such that

> K

1B@)]

- @) < X

for all z & R. Now

h
5 o) ol + 5 180] = lal — 11— fa@l}{ja] — 2L,
and, if |a(z)] < 11in R, then |e| < |e| for all z € R, all ¢ > 0, and all & & (0, )
where h, = Min{h, |¢|/K}.
For a given function g(x), this lemma establishes conditions for the stability
of solutions to Eq. (2.8). By applying the lemma, firstly to functions g'(x) = 0 (for
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which 8 = 0), and secondly to g(x) with bounded g’(x), the necessary and sufficient
conditions for A-stability and S-stability may be defined.

COROLLARY 2.1. A well-defined one-step method is A-stable if and only if |a(z)] < 1
for all z with Re(z) < 0.

COROLLARY 2.2. A well-defined one-step method is S-stable if and only if it is
A-stable and B(z, Gy, Gy, Go)/(1 — |a(2)]) is bounded for all z with 0 < Re(—z) £ z
(any z > 0) and for all g(x) with g'(x) defined and bounded in [x,, x, + h].

We are now in a position to state theorems which relate the conditions for S-
stability to the values of the parameters defining a one-step method. We define the
following limits as |z| — 0 and Re(z) < O noting that the value of these limits may
depend on the way in which the limit is taken:

ao = Lta@z) =1 — Lt b"(4 — zD7'e,
a, = Ltz {1 — |a@)|},
b¥T = Lt b"(4 — zD)'Ez).

In addition, it is convenient to identify the particular subset of one-step methods
for which
(2.9) Lt B(Z, GO) Gly G2) = 0'

1z]-0
Since hB(z, G,, Gi, G,) represents the local truncation error, methods satisfying
condition (2.9) may be termed stiffly accurate. 1t is readily shown that for a method
to be stiffly accurate it must include an abscissa ¢,* = 1 and also

b¥" = (0,0, .-+ ,0,1) = ef..

It follows from the definition of by* that, if a method has a single abscissa ¢, = 1
and a nonsingular array A4, the conditions for it to be stiffly accurate are

C,=l, b|=ar|' (i=ly"'9r)

in which case k, = hf(Xpi1, Vi)

THEOREM 2.1. A well-defined A-stable one-step method is S-stable if and only if

(@) |ao| < 1 andby* is finite; or

(®) |ao| = 1, oy # 0, and the method is stiffly accurate.

THEOREM 2.2. A well-defined S-stable one-step method is strongly S-stable if and
only if it is strongly A-stable (a, = 0) and stiffly accurate.

Proofs. Let R be the region of complex z with 0 < Re(—z2) < z.

(1a) If the method is A-stable and |ao] < 1, (1 — |a(2)])”" is bounded in R.
B(z, G,, G, G») is finite for all z € R and for all bounded g’(x), and is bounded if
and only if bo* is finite. Hence, by Corollary 2.2, the method is S-stable if and only
if bo* is finite.

(1b) If the method is A-stable, |ao| = 1 and «; # 0; z(1 — |a(2)|)”" is bounded
in R. Since z7'8(z, G,, G,, G,) is bounded in R for all bounded g'(x) if and only if
Lt . - B(z, G, G1, G) = 0, by Corollary 2.2 the method is S-stable if and only if
it is stiffly accurate.

If |ao] = 1 and a, = 0, it is necessary for z”°8(z, G,, G,, G.) to be bounded in R.
This requires that b*"G, = G, and b,**"G, = b,*"G,, where b**" =
Lt .10z D74 — zI) 'E(z) — by*"}. If b *"G, = G, for all bounded g'(x), bo* = e,.,
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so that we require b,**”G, = e,."G, = g'(x, + h). Since g’(x, + A) is not an element
of G, for positive 4, this identity cannot hold for all bounded g'(x).

(2) From Eq. (2.8), |€.s1] — 0 as |zl — 0 in R if and only if a, = 0 and
Lt .10 B(z, G,, Gy, G,) = 0.

3. The Stiff Order of One-Step Methods. Having established conditions for
the stability of numerical solutions to equations of the form (2.4), we consider now
the accuracy of such approximations. As Re(—\) — o, the true solution to Eq.
(2.4) tends to g(x) for x > 0, regardless of the initial condition at x = 0. Thus, if
Eq. (2.4) is stiff, a measure of the accuracy of a one-step method is provided by the
difference

(3.1) L = Yoer — g(xn+l)9
where y,., is the solution at x,,, = x, + A to the initial-value problem
(3.2) Y=g+ Ny — gx)}, y=gkx) atx = x,.

The local truncation error /, is dependent both on 4 and \, as well as g(x), and the
asymptotic dependence

I, « B**'A" as Re(—h\) — ® and h — 0

defines the stiff order (s, t) of a one-step method. In this section, we derive some
general results on the stiff order properties of one-step methods.
The local truncation error /, is obtained from Eq. (2.7) by setting ¢, = 0, so that

l, = —hG, + hb"(A — zI)'E@2){ G, — zG,}
= hB(Z, GO7 Gl7 GZ)'

(3.3)

The term b”(4 — zI)"'E(z) may be expanded as a power series in z, giving

(3.4) b"(4 — z)'E@) = 2" }t‘, 2°d]

q=0
where m = 0,
di = Lt z"b"(A4 — zD)'E(2),

lz|=0

d; = Lt z"7(4 — zI)*{(4 — zI)'E(z) + E(1) — E(0)}.

Iz]=-0

Therefore, we have

(3.5) h'= —Go+dgGz ™ + D {dIG, — d7_, G}z ™.

a=1

To establish the stiff order (s, 7), we consider the limiting form of Eq. (3.5):
R, < B2 as h, |z| — 0.

In the following theorems, we assume that g(x) is sufficiently differentiable and
denote the ith derivative at x = x, by g,**’. The notation ¢, *” = (c,*’, c,*’, - - - , ¢,*")
is also used.

THEOREM 3.1. A stiffly accurate one-step method has stiff order (s, —1) with
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s £ ¥ — 1, where ' (£r*) is the number of nonzero elements of d,.

Proof. For stiffly accurate methods, Lt,, -, 8(z, Go, G1, G;) = 0. Thus A"/, —
z{d,"G, — d,"G.} as |z] — 0, and since d, = b,* = e,. then d,"G; = g'(Xn:1).
Expanding g'(x..:) and G, about x, gives

- . 1 ,
W= B2 ey & (AT = @+ D) s [zl k0,
wheredc*, =¢q forq=1,2,---,4,
#q forqg=4q + 1.
Sinceq' < ¥/, thens =¢ — 1 =+ —landt = —1.

THEOREM 3.2. A one-step method which is not stiffly accurate has stiff order (s, m)
withs < ¥ form = 0ands £ m+ ¥ — 1 form > 0, where r' (£r¥) is the number
of nonzero elements of d,.

Proof. Form = 0,

h'l,—diG, — G, as |z] =0,

, 1 ,
@ - et T ok
—h @ F 0 & {doc* — 1} ash— 0,
where
doTc:—l= 1 forq= 1927"' ,qu

#1 forqg=q + 1.

Sinceq’ < ¥,s=qg =randt=m=0.Form> 0,

- —m ' —m 1 ’
h ', =z "dg Gy — h%z @+ g hdg cx
where
dg'CZk_1=0 forq= lyza"‘ ’q,9

#0 forqg=4q + 1.

In thiscase, ¢ < ¥ — 1,sothat s = m + ¢ < m + ¥ — 1 and ¢t = m. Since
m = 0 for S-stable methods, it follows that

COROLLARY 3.1. S-stable methods that are not stiffly accurate have stiff order
(s, 0) with s < v, where ¥ are the number of nonzero elements of d,.

Also, since (d,), = 0if ¢;* = 0 and A4 is nonsingular, we have

COROLLARY 3.2. Methods that are not stiffly accurate with ¢,* = 0 and nonsingular
array A have stiff order (s, m) withs = r* — 1 form = Oand s < m + r* — 2 for
m > 0.

4. The S-Stability and Stiff Order of Some Classes of One-Step Method.
In this section, we consider the S-stability and stiff order of several classes of pre-
viously published A-stable one-step methods based on quadrature formulae. The
processes considered are the class G methods of Butcher [15], based on Gauss-
Legendre, classes IA and ITA of Ehle [8], based on Radau, and, finally, classes IITA
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TaBLE 1

Summary of the stability, stiff accuracy and orders of
some classes of one-step methods

Stability Stiff Order
Quadrature Stiffly Order
Class A Strong-A S  Strong-S  Accurate p s t

Gauss vV 2r r 0
Radau IA V4 VA v 2r—1 r—1 0
Radau ITA VA v v v v 2r—1 r—1 -1
Lobatto IITA  +/ t Vv 2r — 2% p—1* —1
Lobatto IIIB VA 2r—2 r—1 441

Lobatto IIIC

<

v/ Vv v Vv 2r—2 r—2 -1

The absence of an entry indicates that the property does not hold.

* The methods of class IIIA have k, = hf(x,, y,) and k, = If(x,.1, Yns1), SO
that, except for n = 0, each step only requires » — 1 evaluations of f(x, y).

" This class is S(a)-stable for a & (0, 7/2).

and IIIB of Ehle [8] and class IIIC of Chipman [11] based on the Lobatto quadrature
formula. The A-stability of these classes has been determined by Ehle [7] and Chipman
[12] inter alia, and the S-stability and stiff order properties are summarized in Table 1
with more detailed considerations presented in the form of a collection of theorems
in this section.

Before considering the theorems in detail, we present some notation and also
two lemmas which will assist in the proof of some of these theorems. We define

2 1
cl - i

|

1 ¢ -+ ¢t ¢
1 oce -+ ot e, 3¢ - o
to be r X i matrices, with the suffix i denoting the number of columns,

1 1

W=
[

~ |-

to be » X r diagonal matrices, and

T:’T=[1a%"”$1/i]7 Y?‘T=[152$"'ai]

to be i vectors. We take e to be the unit vector and e, to be the vector having the
ith element unity with the remaining elements zero: the length of both these vectors
is assumed to be that applicable at the time of use. We also use Butcher’s notation
[15] for representing certain conditions satisfied by the parameters a;; and b;. Finally,
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we omit the asterisk from the abscissa ¢; and also from the number of stages of the
methods, since all classes under consideration here have distinct abscissae.

LeMMA 4.1. An A-stable one-step method is S-stable if A is positive definite and
oy < 1.

LeMMA 4.2. A strongly A-stable one-step method is strongly S-stable and stiffly
accurate if

(1) A is positive definite,

Q) b"4™ = e,7,

(3) the method contains a single abscissa c, = 1.

Proof.

b¥" = Lt b"(4 — zI) 'E(2)

lz|—=0
=b"4T'E©) = e/E0) = e/.
Consequently, the method is stiffly accurate and hence, by Theorem 2.2, strongly
S-stable.
THEOREM 4.1. The processes of class G are not S-stable and have stiff order (r, 0).
Proof. For this class, |a,| = 1, since a(1/z) reduces to the diagonal Padé approxima-
tion to exp(1/z). As this class does not have an abscissa of unity, it cannot be stiffly
accurate, so, by Theorem 2.1, the processes are not S-stable. Now
di = Lt b"(4 — z])'Ez) = b" 47 E(0)

lz]1=0

YT (AV,)'E©0) by B()
Y7 C; ' E(0) by C(r)

=4V =e"V,'>t 0.

Since this class does not contain an abscissa of unity, we have ¢t = 0. As d,”V, = e,
by Theorem 3.2, s = r.
THEOREM 4.2. The processes of class 1A are S-stable and have stiff order (r — 1, 0).
Proof. The S-stability of this class is a direct consequence of Lemma 4.1. Since
this class does not have an abscissa of unity, it cannot be stiffly accurate and so, by
Corollary 3.2, the stiff order is (s, 0) where s < r — 1. Now

di V... = b"AT'EQ)V,_,
=b"47'C,..TE,
=b"V,.,T%, byC(r—1)
= ‘YrT—IP:k—l by B(r — 1)
=e".

Hence, by Theorem 3.2, s = r — 1.
THEOREM 4.3. The processes of class 1IA are strongly S-stable, stiffly accurate
and have stiff order (r — 1, —1).
Proof. By B(r),
b = yf V' =elC, V'
efd4 by C().
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Hence, by Lemma 4.2, the class is strongly S-stable and stiffly accurate which implies
it has stiff order (s, —1) with s < r — 1. As E(O)V, = C,T,*,

i v, = b"A°EQ)V, = el A7'C,T*
= e V,T* by C(r)
= e'I*
= ¢x7,
Hence, by Theorem 3.1, s = r — 1.
THEOREM 4.4. The processes of class IIIA are stiffly accurate, have stiff order
(r — 1, —1), and are not S-stable but are S(a)-stable for a € (0, 7/2).
Proof. For this class, |as] = 1 and «; = 0 in the limit Im(\) — « (diagonal
Padé approximation [12]), and hence, from Theorem 2.1, this class is not S-stable.

However, for a € (0, 7/2), a; # 0 and hence by Theorem 2.1 this class is S(a)-stable.
Now

b¥" = Lt b"(4 — zD)'E(2)

lz|=0

I

Lt v/ V;'(4 — zI)"'E(z) by B()

lz]|—0
= Lt ¥/(C — zV,) 'E(@z) by C(r)
lz]|=0
=y, Q" where Q;=c""/i (G,j=1,2,-",0n.

As v," = e,79, it follows that b,* = e,, so that this class is stiffly accurate. As it is
stiffly accurate, by Theorem 3.1, it has stiff order (s, —1) with s < r — 1.
Let A* be the principal minor of 4 and a*” = (a,,, --- , a,,), so that

0 0

ja*  A4*

A=

]

and let C* and V* denote the corresponding nonsingular minors of C, and V, re-
spectively. Since, by C(r), A = C,V,”", it follows that 4* = C*V* ', Now

—z! 0 }
2N (A4* — zD)'a*  (4* — D)7

(A —zD) ' =

and

U — 2D B@) + E(1) — E@©) = [ 0 0

(—(A* — zI)'a* (A4* — zI)"' D(c)

where D(c) is a diagonal matrix with elements ¢; (i = 2, - - - , 7). By B(),b” = ,”V,”!
=¢,"C,V,”" = e,"A, so that

b” — zel = ef(4 — zI)
and

b(A4 —zI)' = ef +zef(A4 — zD)™' = &7 + [eT ,4* 'a*, 0, --- , 0] + O(@).
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Hence

a
=
Il

Lt b"(4 — zI)'{(4 — z)'E@z) + E(1) — E(0)}

lz|=0
= [—el ,4* 'a*, e, 4* ' D(c)]
= [1 — e/ 4* ' D(c)e, e/, A* ' D(c)]
since a* = {D(c) — A*}e. Thus, since 4* 'D(c)V* = A* 'C*D(i) = V*D(i) where
D(i) is the diagonal matrix with elements 2, --- , r,
di v, = [1, e/, V*D(i)] = v*".

Hence, by Theorem 3.1, s = r — 1.

THEOREM 4.5. The processes of class 11I1B are not S-stable and have stiff order
(r—1,1).

Proof. Let

*
A=A0

a*’ 0

where A* may be shown to be a nonsingular minor of 4. Then

(A4—zpyt = | A== 0 ,

iz 'a*T(4* — zI)7!

Let b* denote the first (r — 1) elements of b, and { }. denote the ith component of
the vector. Then

di = Lt zb"(4 — z)'E@)

lz|=0

= Lt [—z{A"@®}., {A"@DE)};, — b1 (G =2, - ,r—1),

lz|—0

where A”(z) = (zb* + b,a*)"(4* — zI) " and D(c) is a diagonal matrix with elements
¢(@=1,---,r—1),and so

dOT = [Oa br{a*T“i*_lD(c)}i, _br] (j = 2y trc = 1)

Since, by B(r), b, # 0, d," # 0 so that ¢ = 1. It follows that by* is not finite and the
class is not S-stable.
By C(r — 2), AV,_, = C,_, so that

T T
A*Vi, = C¥¢, and a*' V¢, =+~ ,,

where

,

*
Vr—2

T
e

Thus, since D(c)V,_.* = C,_,*T,_,*,

(%
Cr—2

V.., = and C,_, =

T
Yr—2

dg Voo = b,[a*"4*7'D(c), —11V,_,
= br[a*TA*_lC:k—zrf—z - eT] = br[’Yr—zrf—z - eT] = 0.

Hence, s = r — 1.
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THEOREM 4.6. The processes of class IIIC are strongly S-stable, stiffly accurate
and have stiff order (r — 2, —1).

Proof. From the derivation of the coefficients of this class, b” = e,”A4, and so,
by Lemma 4.2, the class is strongly S-stable and stiffly accurate. Since this class is
stiffly accurate, by Theorem 3.1, it has stiff order (s, —1) with s < r — 1. Now

df v, = b"AEQ)V, = ef47'C, T*

el VFT¥ by C(r — 1), where V* = [V,_, v],

[e”, v, IT*

= [y*", 1] sincev, = 1/r (Chipman [12]).

Thus, by Theorem 3.1, we have s = r — 2.

5. Discussion. To conclude this paper, we consider the implications of the
various stability and accuracy concepts that we have defined. At the same time, we
compare the properties of the classes of one-step methods considered in the previous
section, and relate these properties to the performance of the methods on a test
problem of the form (2.4).

It should be borne in mind that, in discussing the behaviour of solutions to a
stiff equation (2.4), we are at the same time discussing the way in which the solutions
to the stiff components of nonlinear systems of differential equations tend to behave.

TABLE 2
Dependence of ' on |\| and on |e,|, i’ < |\|'|e,|™, as Re(—\) — o

Gauss r+ 2 r+ 2
1
Radau IA 0 "r
1 1
Radau IT1A r r
Lob IITA 0 l
obatto rt 1
Lob 11IB 2 l
obatto - T 1 r + 1

Lobatto IIIC
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1 i 1

-3 -2 - ) I 2 3
LOGgf=hA)

- . Lo(2h . _ !
FIG. | = The apparent order p hl__.t O{LOGZI-Z-"GG%I} of various one -step methods when solving

example |. G(2) signifies Gauss 2-stage method, etc.

-2

-3

-4

-5

LOG|0Ilo|

-7

-8
-3 -2 - o | 2 3

LOGp{—hX)

FIG.2~Local truncation errors |, for various one-step methods that are
not stiffly accurate ,when solving example | with h=0-|
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In Section 2, an S-stability property for a one-step method is defined which
ensures that a range of positive step-sizes (0, /) exists which gives stable solutions
to Eq. (2.4) with bounded g’(x), for any X\ with Re(\) < —X < 0. Thus, if #' =
H(\, |ea|, g) denotes the upper limit to the range of stability (0, ') for given X\, S-
stability guarantees that A’ — 0 as Re(—\) — «, while, with strong S-stability,
W — » as Re(—\) — o,

The asymptotic dependence of #’ on X and on |¢,| as Re(—\) — o, which is
of the form 4’ = |\|'|e,|™, is given for various r-stage one-step methods in Table 2.

The negative values of / for the Gauss and the Lobatto class IIIB methods reflects
the lack of S-stability of these classes (Table 1). In order to give stable solutions to
Eq. (5.1), the Lobatto IIIB methods, in particular, would require considerable reduc-
tions in the step-size as the stiffness, Re(— \), in Eq. (5.1) increases. While the inverse
A\-dependence of the Gaussian methods is fairly weak, the stability of this class on
very stiff practical problems is not as good as the S(a)-stable Lobatto IIIA class,
even though the A-stability properties of the two classes are identical. The positive
I-dependence of the Radau ITA and Lobatto IIIC method is a measure of the strong
S-stability of these stiffly accurate classes.

In Section 3, the asymptotic form of the local truncation error, as A Re(— \) — o,
is derived as

s+lyt (s—t)
I, « W' \'g, .

The upper limits derived for s, and the s-values obtained for the various classes

indicate that the effective order of one-step methods applied to Eq. (2.4), with Re(—A\)

large, is generally much lower than the order p that can be achieved for nonstiff

problems. Figure 1 shows the apparent order of various methods when solving
Example 1 (Seinfeld et al. [16]).

V=g + My — g}, »y=g0) atx=0.
gx) = 10 — (10 + x)e 7, A real.

For one-step methods that are not stiffly accurate, the change in the effective
order results in a much lower level of accuracy for # Re(— \) large compared with
that in the nonstiff region (Figure 2). In contrast, the errors given by the stiffly ac-
curate methods (Figure 3) tend to zero as Re(—\) — o, so that the reduction in
order in the stiff region is offset, to a varying extent, by the inverse dependence on
|\|. Clearly, the stiff accuracy property of one-step methods increases in significance
with the degree of stiffness in Eq. (2.4).

If we use a one-step method of stiff order (s, #) to solve Eq. (2.4) with g(x) a
polynomial of degree (s — f), the error equation (2.8) is independent of x and the
dependence of the global error €, on 4 and |\ as Re(—\) — « may be determined
(Table 3). For strongly A-stable methods, the global errors tend to the local truncation
errors, while for o, = —1, successive errors show a cancellation effect. For o = 1,
however, e, increases linearly with .

Comparing the properties of the various classes of one-step methods, the Lobatto
IITA methods would seem to be the most accurate of the S- or S(a)-stable stiffly
accurate classes, taking into account that the r-stage IIIA process is equivalent, in
terms of computational effort, to an (» — 1)-stage process. In particular, ITIA methods
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C(2)
—4}
—5 -
mMAR)
-6 TA((2)
-7+
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3\ 1 1 1 1 1
-3 -2 bl [o] | 2 3
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FIG.3- Local truncation errors \, for various stiffly accurate one-step
methods, when solving example | with h=0-1
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TA()
_2 -
Eq.(5.1), ¥= -55
MA(Q2)
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-4}
_5_
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FIG.4- Local truncation error L, for some single-stage one-step
methods, when solving example | with h=0:l
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TABLE 3

Asymptotic dependence of e, as Re(—\) — o

r even r odd
Gauss nhr+1g(r+l) hr+1g(r+l) (n odd);
nh'|\"'g"" " (n even)
Radau IA hg'"’ hg'’
Radau IIA RNgry BN gy
Lobatto ITIA RN 'gt " (n odd); nh'|\ gV
nh” YN 2" (n even)
Lobatto I1IB | Ng“™" (n odd); nh’|\g ™"
nhr—lg(r—l) (I’l CVCH)
Lobatto I1IC BN g DY

with an even number of stages should have a small error propagation effect and,
further, for the IIIA methods there is no practical difference between S(a)- and
S-stability on real problems. Note that for » = 2 we have the trapezoidal rule.

Strongly S-stable methods have advantages in that the local truncation errors
are very quickly damped out for 4 Re(— M) large, and the methods are likely to remain
stable when applied to equations of the form (1.8) having variable \(x). Gourlay [17]
has shown that for Eq. (1.8) with g(x) = 0 and Re(— M(x)) large but decreasing, the
trapezoidal rule is only stable for a restricted range of step-sizes 4. Similar restrictions
must apply to all one-step methods, involving more than one abscissae, for which
lao| = 1.

The suggested replacement of the trapezoidal rule by the implicit midpoint rule
(the single-stage Gaussian process G(1)) [17] overcomes the stability problem as-
sociated with A(x), but since the G(1) method is not stiffly accurate (or S-stable),
there can be a considerable loss of accuracy on stiff problems (Figure 4). We would
recommend replacing the Lobatto IIIA methods by other classes of methods that
are stiffly accurate and either strongly S-stable or S-stable with |a,| < 1.

Of the methods that are stiffly accurate and strongly S-stable, the Radau ITIA
methods should be more accurate than the Lobatto IIIC processes (Figure 3). Note
that, for » = 1, the IIA process is the backward Euler method. However the IIA
processes are significantly less accurate than the ITIA processes, and a compromise
between accuracy and strong S-stability, giving a class of stiffly accurate methods
with 0 < |ao| < 1, is worth considering.

One such family of intermediate methods may be defined by

.n A=

0 o] b’ =1 —v,7),

1 — Y v cT = (Oy 1)’

with 0.5 < y < 1. This first-order method is effectively single-stage, with a, =
—(1 — v)/v. It may be easily shown to be S-stable and stiffly accurate, with generally
smaller truncation error than the ITA(1) method, as shown in Figure 4 using v =
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0.55. The authors have in fact used this method extensively (with y = 0.55) to obtain
stable solutions of reasonable accuracy to large nonlinear systems of stiff equations
arising in the field of chemical kinetics [14].
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